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In this paper we give some conditions under which T q ­ f is maximal monotone
 .in the Banach space X not necessarily reflexive , where T is a monotone operator
from X into X* and ­ f is the subdifferential of a proper lower semicontinuous
 4convex function f , from X into R j q` . We also give an application to
hemivariational inequalities. Q 1996 Academic Press, Inc.
1. INTRODUCTION
Let X be a Banach space, let X* be the topological dual of X, and let
A be a set-valued operator from X into X*. In the sequel we denote the
domain and the graph of A, respectively, by
 4D A s x g X : Ax / B ; .
Gr A s x , x* g X = X* : x g D A , x* g Ax . 4 .  .  .
 .  .The set-valued operator A is monotone if for each x, x* , y, y* g
 .Gr A ,
 :x* y y*, x y y G 0,
 :where ? , ? denotes the duality pairing between X and X*. The set-val-
ued operator A is maximal monotone if A is monotone and if for
 U .x , x g X = X* such that0 0
 U :x y x*, x y x G 0 for all x , x* g Gr A .  .0 0
 U .  .we have x , x g Gr A .0 0
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It is easy to see that if A and T are two set-valued monotone operators
from X into X*, then A q T is again monotone, where
 U U U U 4A q T x s Ax q Tx s x , x : x g Ax , x g Tx . .  . 1 2 1 2
When A and T are maximal monotone, A q T is not in the general
case maximal monotone. The problem of determining conditions under
which A q T is maximal turns out to be of fundamental importance in the
theory of monotone operators. Results in this direction have been proved
w x w x w xby Lescarret 4 , Browder 1, 2 and Rockafellar 5 .
 4Consider a proper convex function f from X into R j q` , that is, f
is not identically q` and
f 1 y l x q l y F 1 y l f x q l f y .  .  .  . .
x wwhenever x g X, y g X, and l g 0, 1 . The effective domain of f is
denoted by
D f s x g X : f x - q` . 4 .  .
This is a convex subset of X. The subdifferential of f is the set-valued
operator from X into X* defined by
 :­ f x s x* g X* : f y y f x G x*, y y x for all y g X . 4 .  .  .
w xRockafellar 6 proved that ­ f is maximal monotone whenever f is a
lower semicontinuous proper convex function on X.
Let K be a nonempty closed convex subset of X. The normal cone of
the convex set K at x g K is the set-valued map
 : 4N x s x* g X* : x*, x y x F 0 for all x g K . .K
 .If x f K we put N x s B. This cone can also be written asK
N x s ­c x , .  .K K
  .where c is the indicator function of K i.e., c x s q` if x f K andK K
 . .c x s 0 if x g K . Since K is a nonempty closed convex subset of X,K
the function c is lower semicontinuous proper convex function on X,K
hence N is a maximal monotone operator from X into X*.K
When T is a single-valued monotone operator from X into X* such
 .  .that D T > K and when T is hemicontinuous see Definition 3.1 on K,
w xRockafellar 5 proved that N q T is maximal monotone.K
In this paper we propose to give some conditions such that ­ f q T is
 . maximal monotone in Banach space X not necessarily reflexive where T
is a single-valued monotone operator from X into X* and not necessarily
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.maximal . The paper is organized in the following way: In Section 2 we
give preliminary results, in Section 3 we study the maximal monotonicity of
w x­ f q T and we derive the result in Rockafellar 5, Theorem 3 . In the last
section we give an application to hemivariational inequalities.
2. PRELIMINARY RESULTS
In the sequel we denote the closure by CL.
w xPROPOSITION 2.1 3 . If f is a lower semicontinuous proper con¨ex func-
tion on X, then
D ­ f ; D f ; CL D ­ f s CL D f . .  .  .  . .  .
The following lemma is useful in the sequel.
 4LEMMA 2.1. If f is a con¨ex function from X into R j q` , then
­ f x q N x s ­ f x for all x g D ­ f .  .  .  .CL D f ..
 .Proof. The inclusion > is obvious since 0 g N x . Let us proveCL D f .
 . U  . U  .the converse inclusion. Let x g D ­ f , y g ­ f x and y g N x .1 2 CLD f ..
 .Then for all y g D f
 U :f y y f x G y , y y x 2.1 .  .  .1
and
 U :0 G y , y y x . 2.2 .2
 .  .By addition of 2.1 and 2.2 , we have
 U U :f y y f x G y q y , y y x for all y g D f . 2.3 .  .  .  .1 2
 .  .If y f D f , the relation 2.3 is also true. Hence the proof is complete.
3. THE MAXIMALITY OF THE SUM OF MONOTONE
OPERATORS
In this section we give some conditions under which ­ f q T is maximal
 .monotone in the Banach space X not necessarily reflexive , where T is a
 .monotone operator from X into X* not necessarily maximal .
Let us start with some recalls.
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DEFINITION 3.1. Let T be a single-valued operator from X into X*.
w xThe operator T is hemicontinuous if the following mapping from 0, 1 into
R
 :t ¬ T 1 y t u q t¨ , w . .
is continuous for all u, ¨ , w g X.
 4DEFINITION 3.2. A function f from X into R j q` is lower semicon-
tinuous at x g X if0
lim inf f x G f x . .  .0
xªx0
If f is lower semicontinuous at each point x g X, then we say that f is0
lower semicontinuous on X.
Now we can give the main result of the paper.
 .THEOREM 3.1. Let X be a Banach space not necessarily reflexi¨ e , let f be
 4a lower semicontinuous proper con¨ex function from X into R j q` and let
 .T be a single-¨ alued monotone operator not necessarily maximal from X
 .   ..   ..into X* such that D T > CL D f . If T is hemicontinuous on CL D f
 .and if D ­ f is closed, then ­ f q T is a maximal monotone operator on X.
Proof. First, it is easy to see that ­ f q T is monotone. Next, we show
 U .that ­ f q T is maximal. Let x , x g X = X* such that0 0
 U :x y x* y Tx , x y x G 0 3.1 .0 0
 .for all x* g ­ f x . We shall see by a direct argument that
xU g ­ f x q Tx , .0 0 0
that is,
xU y Tx g ­ f x 3.2 .  .0 0 0
and this will prove that ­ f q T is maximal. By Lemma 2.1 we have
 U U :x y x y Tx , x y x G 00 0
U  .  .for all x g N x q ­ f x . In other wordsCL f ..
 U U U :x y x q x q Tx , x y x G 0 3.3 .  .0 1 2 0
 . U  . U  .whenever x g D ­ f , x g N x , and x g ­ f x . If x is any point1 CLD f .. 2
 . U  . U  .of D ­ f and x g N x , then l x g N x for every l ) 0,1 CLD f .. 1 CLD f ..
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 .so that by 3.3 ,
 U U :  U :x y x q Tx , x y x y l x , x y x G 0 .0 2 0 1 0
 U :for all l ) 0, and this implies that y x , x y x G 0. Thus1 0
 U : U0 y x , x y x G 0 for all x g D ­ f and x g N x . .  .1 0 1 CLD f ..
3.4 .
 .Since D ­ f is closed, then by Proposition 2.1 we have
D ­ f s D f s CL D f . .  .  . .
Since N is a maximal monotone operator we may conclude thatCL D f .
 .   ..  .  .0 g N x . Hence x g GL D f s D f s D ­ f . To completeCLD f .. 0 0
the proof, we need only to show that the following inequality holds
 U :f x y f x G x y Tx , x y x for all x g X . .  .0 0 0 0
 .Fix any x g D f and let
x wx [ l x q 1 y l x , whenever l g 0, 1 . .l 0
 .  .  . USince D f s D ­ f , we have ­ f x / B. Then there exists x g X*l l
such that
xU g ­ f x . .l l
 . UTherefore 3.1 holds for x s x and x* s x and we havel l
 U U :x y x y Tx , x y x G 0,0 l l 0 l
that is,
 U:  U :x y x , x G x y x , x y Tx .l 0 l l 0 0 l
Hence
y1 y1 Ux y x 1 y l q x 1 y l y x , x .  . :l l l 0 l
 U :G x y x , x y Tx ,l 0 0 l
that is,
y1 y1 U U :x y x 1 y l q l x 1 y l , x G x y x , x y T x , .  .  . :l l l l 0 0 l
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hence
y1 y1 U1 y l x y x 1 y l q l x 1 y l , x .  .  . : .l l l
 U :G l x q 1 y l x y x , x y T x . .  .0 0 0 l
In other words
y1 U U :yl x q l x 1 y l , x G l x y l x , x y T x . .  .  . :l l 0 0 l
So
y1 U U :x y x 1 y l , x G x y x , x y T x . .  .  . :l l 0 0 l
U  .Since x g ­ f x , it follows thatl l
y1 y1 U U :f x y f x 1 y l G x y x 1 y l , x G x y x , x y T x . .  .  .  .  .  . :l l l 0 0 l
Thus
 U :f x y f x G 1 y l x y x , x y T x . 3.5 .  .  .  .  .l 0 0 l
 .Since T is hemicontinuous, then T x converges in weak topology tol
 .  .T x as l decreases to 0. By the relation 3.5 we have0
U :lim sup f x y f x G x y x , x y T x . .  .  .l 0 0 0qlª0
Since f is lower semicontinuous,
 U :f x y f x G x y x , x y T x for all x g D f . 3.6 .  .  .  .  .0 0 0 0
 .  .If x f D f the relation 3.6 holds true, that is,
 U :f x y f x G x y x , x y T x for all x g X . .  .  .0 0 0 0
This implies that
xU y Tx g ­ f x , .0 0 0
that is,
xU g ­ f x q T x . .  .0 0 0
This implies that the proof of the theorem is complete.
As a consequence of Theorem 3.1, we obtain the following result from
w xRockafellar 5, Theorem 3 .
 .COROLLARY 3.1. Let X be a Banach space not necessarily reflexi¨ e and
let K be a nonempty closed con¨ex subset of X. If T is a single-¨ alued
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 .monotone operator not necessarily maximal from X into X* such that
 .D T > K and if T is hemicontinuous on K, then N q T is maximalK
monotone on X.
  ..  . Proof. Since ­c s N and CL D ­c s D ­c s K which isK K K K
.closed in X , the proof follows from Theorem 3.1.
4. APPLICATION
In this section we give an application. Let us start with the following
recall: A monotone operator T from X into X* is said to be coercive if
1
 : 5 5lim inf x , x* : x* g T x , x G a s q` 4 .
aaªq`
 .inf B being q` by convention .
THEOREM 4.1. Let X be a reflexi¨ e Banach space. Assume the hypotheses
of Theorem 3.1 hold. If T q ­ f is coerci¨ e, then for any fixed g g X* the
hemi¨ ariational inequality
 :Tx y g , y y x q f y y f x G 0 for all y g X .  .
has at least one solution x g X.
Proof. The monotone operator T q ­ f is maximal monotone by Theo-
 .rem 3.1 and since T q ­ f is coercive we have range T q ­ f s X* accord-
w xing to Rockafellar 5, Theorem 4 , thus for any g g X* there exist
 .x g D ­ f such that
g g Tx q ­ f x , .
that is,
 :f y y f x G g y Tx , y y x for all y g X . .  .
Hence
 :Tx y g , y y x q f y y f x G 0 for all y g X . .  .
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